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ABSTRACT
Let K be an algebraically closed field of characteristic zero. For 4 €K[x, y]let
o(4) = {AEK: A — 4 is reducible}. For A€a(d) let 4 — i =II/'*) 4;* where
A; are distinct primes. Let p;(4) = n(1) — 1 and let p(4) = Z, 00y p2(4). The
main result is the following:

THEOREM. If AEK][x,y] is not a composite polynomial, then p(4) <
deg A.

Introduction

Let K be an algebraically closed field of characteristic zero. For P, Q€
K[x,y] let

P
gy 2P3Q _3PaQ

For FEK(x,y) set Dp(F)=[P, f]; Dp is a derivation of both K[x,y]
and K(x,y). The operation [ , ] imposes a Lie-algebra structure on
K[x,y].

The main goal of this paper is to study the interplay between this Lie-algebra
structure and the structure of K[x, y] as a polynomial ring. The operators D,
play a prominent role in studying seemingly purely algebraic properties of
K[x, y]. On the other hand, these operators play a very important role in the
analytic case K = C, especially in studying problems related to the Jacobian
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Conjecture (see [1], [6], [7], [8]). Similar operators are very important in the
non-commutative case (see [2]).

Most of this paper is concerned with the following problem: For P € K[x, y],
what is the set of those constants A € K, for which P — A is reducible? This set is
called the spectrum of P and will be denoted by o(P). This question was
answered in part by the Bertini theorem, which states that o(P) is at most a
finite set if P is non-composite (not a non-linear polynomial of another
polynomial @ € K[x, y]). In this connection see [4] Section 11. The Bertini
theorem, however, does not give any indication how large a(P) can be. This
question was considered by W. Ruppert in [3]). He proves the following result:
Given a pencil of plane curves of the form aP + BQ, (a, B)EP.. If the generic
curve in this pencil is irreducible of degree d, then the pencil contains at most
d?— 1 reducible curves (see [3], Satz 6). We will consider a less general
question and will prove a stronger resuit. For A €Eo(P) we can decompose
P — J into the product of primes: P — A =TI i‘,) 12, Geometrically speaking,
the curve {P =4} is the union of n(l) irreducible curves {F;; =0}. The
number p,(P) = n(A) — 1 is called the reducibility order of P at A. The number
P(P) = Z;eqp P1(P) is called the total reducibility order of P. The main result
of this paper is the following:

THEOREM. Let PEK][x, y] be noncomposite. Then p(P) < deg P.

The rest of the paper is concerned with describing the solutions of the
equation D,(F)= TF, where T is a polynomial and F is a rational function.
The main result of this part of the paper can be described as follows: those
polynomials 7 for which the equation has non-trivial solutions F form a free Z-
module of finite rank. If Q is a non-composite polynomial such that P € K[Q],
then the rank of this module is p(Q).

1. The Bertini theorem

Let K be an algebraically closed and uncountable field, char K = 0. For
PeEK[x, y]\K set:

D; is a derivation on both K[x, y] and K(x, y). We will be interested in the
kernels of D, in K[x, y] and in K(x, y). Let C(P) = Ker D, in K[x, y] and let
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C(P)=Ker Dpin K(x, y). C(P) is a subring of K[x, y] and C(P) is a subfield of
K(x, y). There is a convenient way of describing these kernels:

LEMMA 1.1. Let f€K(x,y). Then the following conditions are equivalent:

(i) f€CP).

(ii) fand P are algebraically dependent.

(iii) fis constant on infinitely many irreducible components of level curves
{P=24)}).

PrROOF. (i) — (ii). Assume that P and f are algebraically independent. Then
for every non-constant Q € K[x, y] there exists a polynomial R(X, Y, Z) such
that dR/8Z=0 and R(P, f, Q)=0 (K(x,y) does not contain subfields of
transcendental degree greater than two). In other words:

M=

R(P, N)Q'=0

i=0

and at least the polynomial R, does not vanish identically. We can assume n to
be the least possible for Q. Then:

0=D,(R(P, /, Q) = ( 3 iR, Q- ) D (Q).

If n>1, then Dp(@)=0 because of our choice of n. If n =1, then
R\(P, /)Dp(Q) = 0 and D»(Q) = 0 since R,(P, f)=£0. Thus Dp(Q) = 0 for each
Q €K[x, y]. This implies that P €K — a contradiction.

(i1) — (ii1). Assume that P and f are algebraically dependent:

.i R(P)f =0.

Choose a number A €K and an irreducible component S of the level curve
{P = A} in such a way that S is not contained in the variety of poles of f. There
are infinitely many such curves S since K is infinite. We obtain on
S:ZM, Ri(A) ff =0. Therefore f can obtain on § a finite number of values
only, which implies that f is constant on .S since S is irreducible.

(iii)— (i). Let S be as above. If f is constant on infinitely many such curves
S, then Dp( f) = 0 on infinitely many curves. This implies that Dp( f)=0 since

Dp(fYEK(x, y).

COROLLARY. Let AEC(P), degA>0. Then C(A)= C(P) and C(4)=
C(p).
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Proor. Obvious.

Let S be an irreducible algebraic curve in K? and let S denote the pro-
jective closure of S. Let S” 2. S be the normalization of S. The smooth
projective curve S* is called the smooth projective model of S, and S is
birationally isomorphic to S”. (See [5], Chapter 2, Section 5.) Let p,, . .., p,be
the points of S on infinity, i.e. the points of intersection of S with the line on
infinity in P2 Let q,, . . ., g, denote the inverse images ¢ ~!( p;). These inverse
images exist since ¢ is epimorphic (see [5], Chapter 2, Section 5). The points
45, . .., 44 €S" are called the branches of the curve S on infinity. If Sis given by
an equation {F = 0}, where F is an irreducible polynomial, then, obviously,
d=degF.

Let f be a rational function on .S. When we discuss the behavior of f at a
branch ¢;, we should, strictly speaking, consider the behavior of the pull-back
o*(f) at g;, but, since it does not lead to confusion, we will usually speak about
values of fat the branches g;.

LeMMA 1.2. Let S be an irreducible algebraic curvein K* andlet q,, . . . , q,
be the branches of S on infinity. Let F be a rational function such that the
restriction F of F to S is regular and does not have zeroes. Let v;denote the order
of F at the branch g;. Then: Zf_, v; = 0.

Proor. Obvious.

Fori,,...,A,€Kand PEK|[x, y],deg P>0let G(P, 4, ..., 4,) denote the
multiplicative group generated by all divisors of the polynomials P — 4,.

ProrposiTION 1.3. Let F,,...,F,€G(P,A,...,4,). If r=degP, then
there exists a non-trivial collection of integers my, . . . , m, such that the rational
function f =TI, F€C(P).

Proor. Choose a number Y€K, y # 4, ..., 4,, and an irreducible com-
ponent S of the level curve {P = y}. Let g, ..., g, be the branches of .S on
infinity. The functions F; are regular and do not have zeroes on § since
Y # 4y, - .., A,. Let v; denote the order of F; at g;. Consider the matrix

U Vg
M=
Uppr s U

By Lemma 1.2, 2/, v;=0 for i =1,...,r. Therefore tk M <d =degP.
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Since, by our assumption, r = deg P, there exists a non-trivial collection
of integers m(y,S),...,mJ(y,S) such that Z/_, m(y,S)y; =0 for
j=1,...,d. Consider the rational function f, ; = I/, F/**%_ This function
is regular and does not have zeroes on S. Neither can it have zeroes or poles at
the branches g; since Z/_, m;(y, S)y; =0 for j=1,...,d. Therefore f, 5 is
constant on S.

Thus every appropriate choice of y and S results in a non-trivial collection
of integers {m;(y,S)} such that the function f, s =TI/, F"™ is constant
on the curve S. Since K is uncountable, there are infinitely many pairs
(7, S) for which the resulting collection {m;,(y, S)} is the same. Therefore
there exists a non-trivial collection of integers {m;} such that the rational
function f =TI;_, F™ is constant on infinitely many curves S. Then f€ C(P)
by Lemma 1.1.

For PEK]|x, y], deg P >0, let o(P)= {AEK: P — A is reducible}. The set
o(P) is called the spectrum of P. The Bertini theorem states that there are only
two possibilities:

Either o(P) =K and there exist R(Z)EK[Z], degR >1 and Q €K][x, y]
such that P = R(Q), or a(P) is at most a finite set.

We will give a new proof of the Bertini theorem and at the same time we will
find a sharp upper bound for the number of elements of 5(P).

Let PEK][x, y], deg P > 0. P s called a composite polynomial if there exist
R(Z)EKI[Z], deg R > 1 and Q €K][x, y] such that P = R(Q). P is called non-
composite if it is not composite.

Let PEK[x,y],deg P>0,and let A€K. Let

n(d)

P—21=73 F
i=1

be the decomposition of P — A into the product of prime factors. The num-
ber p,(P)=n(A)— 1 will be called the reducibility order of P at A and the
number

p(P)= X pi(P)

LEK

will be called the total reducibility order of P.

ReMARK. Note that p(P) = oo if Pis composite and, on the other hand, for
a non-composite P, p,(P)> 0 if and only if A Ea(P).
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PrROPOSITION 1.4. Let P be a non-constant polynomial. Assume that
C(P) = K(P). Then P is non-composite and p(P) < deg P.

ProoF. Assume for a moment that P is composite, i.e. that there exist
R(Z)EK[Z], deg R > 1 and Q €EK[x, y] such that P = R(Q). Then D,(Q) =
0 and Q€ C(P). Hence QEK(P), Q = A(P)/B(P) where A, BEK]|P] are
coprime. This implies that B(P)EK since it cannot have zeroes. Hence
Q EK][P], which is clearly impossible. Therefore P is non-composite. Assume
that p(P) = deg P. This means that there exist 4,,...,4,€a(P) such that
Z/ 1 py(P)=deg P. Let P — 4, =TI]%, Fj-,‘f" be the decomposition of P — 4; into
the product of prime factors. Consider the following collection of polynomials:
{Fi, ...» Fip-15-+ s Foiy.. ., Fop o). All polynomials in this collection
belong to G(P, 4y, ..., 4,) and the number of elements in it is Z/_, p,(P) =
deg P. Therefore, by Proposition 1.3 there exists a non-trivial collection of
integers

{my, oo Mgy, My oo, my, 1}

such that the rational function

ro N
f=1 1l F*ec®).
j=1i=1
Then, by our assumption, f = A(P)/B(P), where A, BE€ K[P] are coprime. If
we decompose A(P) and B(P) into products of linear (in P) factors, we note
that for each such factor all its prime divisors are present, which contradicts
our choice of the collection:

{Fll,---aFln,—h---,Frl:'- -aFrn,—l}-
Therefore our assumption is false and p(P) <deg P.

To proceed further, we now introduce some auxiliary concepts:

Let G(P) denote the multiplicative group generated by all divisors of
polynomials P — A for all A € K and by non-zero elements of K. It is easy to see
that

GP)= U  G@P,A,...,4).

{Aperdn }CK
A collection Fy,..., F,€G(P) is called P-free if there is no non-trivial
collection of integers {m,, ..., m,} such that:

Fm...FreC(P).
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It follows from Proposition 1.3 that r <deg P for any p-free collection
{Fy,..., F}.

A P-free collection {F,, ..., F,} is called maximal if {F,, ..., F,, F} is not
P-free for every F € G(P). It is obvious that if there exists a P-free collection,
then there exists a maximal P-free collection.

A non-constant polynomial P € K[x, y] is called basic if

min deg Q = deg P.
QEC(PI\K

LEMMA 1.5. Let P be a basic polynomial. If a(P) # &, then there exists a

P-free collection (and, therefore, a maximal P-free collection).

PROOF. LetA€o(P)andlet P — A =TI/~ Fk, F,— irreducible. Then {F\}
is a P-free collection. Indeed, assume that FX€ C(P) for some integer k # 0.
Then F, € C(P) by Corollary to Lemma 1.1, but this is impossible since P is
basic and deg F, <deg P.

PROPOSITION 1.6. Let P be a basic polynomial. Then C(P)= K[P] and
C(P)=K(P).

ProoF. We will first prove that g(P) # K. Indeed, assume that o(P) =K.
By Lemma 1.5 there exists a maximal P-free collection {F,..., F,}. For
a€K choose an irreducible divisor F, of P —a. Then the collection
{F,...,F,F,} is not P-free and there exists, therefore, a non-trivial collec-
tion of integers

{ma), ..., m(a), m,}

such that m, # 0 and F@...Fn@Fm.c C(P). The same construction for
B # o gives us another collection of integers:

{ml(ﬁ)> e m(B), mﬂ}

with similar properties. Since K is uncountable, there exists a pair a # § such
that my(e) = m;(f)=m;and m,=mg=m (i =1,...,r). Hence

Fp...FrFrel(P) and Fi . -FrEpeC(P).

Then (F,/Fp)" € C(P) and, by obvious reasons, F,/Fy€ C(p).
Let F,G,=P — a, F;G; = P — f. Then
E.(P— N
F,G, = FP=p) eC(P)
Fy
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and, since F,G; is a polynomial, F,G, € C(P). Similarly F;G,€ C(P). Now
consider the product (P — a)(P — B) = (F,Gs)(F3G,). If deg F,G; >deg P,
then deg F3G, <deg P, which is impossible since P is basic. Therefore
deg F,G; = deg F3G, = deg P. Let m denote the leading term of F, G and let
P denote the leading term of P. Since F,G, € C(P) there exists a constant ¢ such
that F,G, = cP (this follows from the well-known fact that homogeneous
polynomials of the same degree, whose jacobian is zero, must be proportional).
Let A = F,Gy —cP, AEC(P) and deg A <deg P. Since P is basic, it follows
that A = ¢, €K. Thus

F,Gg=cP+c,=c(P +c/c).

So F, is a divisor of P + ¢,/c. Since F, is also a divisor of P — a, it follows that
¢/c = — a. Applying the same argument to G4, we obtain that ¢/c = — 8,
which is impossible since « # f. Therefore o(P)+# K and there exists
A€K such that P — A is irreducible. Choose any polynomial Q€ C(P)
and consider its restriction to the irreducible curve {P = 4}. Since Q and
P are algebraically dependent by Lemma 1.1, this restriction must be a
constant. Therefore Q = Q,(P — A) + ¢, c;EKand deg 9, <deg Q. @, €EC(P)
and we can repeat the argument until we obtain that Q € K[P]. Therefore
C(P)=K][P].

Now consider a rational function f€ C(P). Let f = A/B, where A and B are
polynomials without common factors. Since fand P are algebraically depen-
dent by Lemma 1.1, there exists a polynomial o R,(X)Y’, R,(X) # 0, such
that 2o R(P)f"=0. Then Z.,R(P)A'‘B~'=0 or, in other words,
R,(P)4" = — BZ!' - R(P)A'B"~'~'. Since A and B do not have common
factors, it follows that R,(P) = UB, UEK|[x, y]. Then -

A UA

B R,(P)

f= , UAEC(P)=K[P] and fEK(P).

Thus C(P) = K(P).

THEOREM 1.7. Let PEK][x,y], deg P > 0. Then the following conditions
are equivalent to P being non-composite:

(i) P is basic.

(i) C(P)=K[P] and C(P)=K(P).

(ii1) p(P)<degP.

PROOF. (i) Assume that P is basic. If P is composite, then there exist
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R(Z)EK[Z],deg R > 1 and Q EK][x, y] such that P = R(Q). Then Q € C(P)
and 0 <deg Q <deg P, which is impossible since P is basic. Thus P is
non-composite.

Now assume that P is non-composite. Let P, be a non-constant poly-
nomial of the least degree in C(P). Then, obviously, P, is basic and
C(P) = C(P,) = K[P,] by Proposition 1.6. Thus P = R(P,). If deg R > 1, then
P is composite. Hence deg R =1 and P = ¢, P, + ¢,, which implies that P is
basic.

(ii) If P is non-composite, then by (i) P is basic and the result follows from
Proposition 1.6.

If C(P) = K(P), then P is non-composite by Proposition 1.4.

(i) If P is non-composite, then C(P) = K(P) by (ii) and p(P) < deg P by
Proposition 1.4.

If p(P) < deg P, then P is non-composite since p(P) = o« for a composite P.

CorOLLARY. Let PEK][x,y], deg P> 0. Let G(P) denote the multiplica-
tive group of the field C(P) (G,(P) is, obviously, a subgroup of G(P)). Then:

(i) There exists a non-composite Q€ C(P) such that C(P)=K[Q] and
C(P)=K(Q).

(i1) G(P)= G(A) and Gy(P) = Gy(A) for every non-constant A € C(P).

PrROOF. (i) Let Q be a non-constant polynomial of the least degree in C(P).
Then Q is basic. The rest follows from Theorem 1.7 and from Corollary to
Lemma 1.1.

(i1) Let A€C(P), deg4 >0. Then 4 = R(Q) for a non-composite Q €
C(P). Let F be an irreducible divisor of A — A for some A €EK. Then F is an
irreducible divisor of R(Q) — A =c(Q — y)%- - -(Q — y,)%. Therefore Fis a
divisor of Q — y; for some index i.

Thus G(4) C G(Q). Now let F be a divisor of Q — y for some y €K. Then F
is a divisor of R(Q)— R(y)=A4 — R(y). Therefore G(Q)C G(4). Hence
G(4) = G(Q) for every non-composite Q € C(P), which implies that G(4) =
G(P). Gy(A) = G(P) since C(4) = C(P) by Corollary to Lemma 1.1.

A non-composite Q such that C(Q) = C(P) will be called a generator of P.
The quotient group I'(P) = G(P)/G,(P) is an important invariant of the
polynomial P (or rather of the field C(P)) and will be called the divisor class
group of P. Its structure is described in Section 2. To do this, we need one
technical result:

LEMMA 1.8. Let PEK|[x,y] be non-composite. Let F=TI"_, F;, F,;€
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G(P, 4,) and A, + A; for i #j. If FEC(P), then F,€EC(P) for i =1,...,n.
Moreover, F; is a power of P — A; up to a constant multiplier.

Proor. C(P)=K(P) by Theorem 1.7. Thus F = A(P)B(P), where
A(P), B(P)EK[P]. Decomposing A(P) and B(P) into linear (in P) factors we
obtain:

HFi=C (P_yj)k” C,Vl,---,?mEK-
i=] =1

J

Decomposing each F; and each P — y, into irreducible factors, we immedia-
tely obtain that the collections {4,,...,4,}and {y,, ..., ¥, } coincide and that
F;is a power of P — A; up to a constant multiplier.

2. The structure of the group I'(P) and the equation D,(F) = TF
For a non-constant P €EK[x, y] and FEK(x, y) set:

Dp(F
th(F) = ; ),

LEmMMA 2.1. Let FEK][x,y] be irreducible and such that tp,(F)=
T E€K]|x, y]. Then there exists . €K such that F is a divisor of P — A.

Proor. Consider the partial derivatives dF/3x = Dg(y) and 3F/dy =
— Dg(x). At least one of them is not zero since F & K. Assume that dF/dx # 0.
Let P, y denote the restrictions of P and y to the curve {F = 0}. The regular
functions P and y on the curve {F = 0} are algebraically dependent: R(P, y) =
0, where R is a non-trivial polynomial in two variables. Therefore, since F is
irreducible, R(P, y) = AF for some A €EK[x, y]. Let R(P, y) = Z'_, R;(P))"
and let n be the least possible. Assume n > 0. Then

oR 0RAF OAROF oR

Di(R(P,y))=—De(P)+——=———-TF—.
H(R(P, ) aP #(P) dydx 9y dx oP

On the other hand D-(R(P, y)) = Ds(4)F. So
OR OF T 4R
dy 0x oP

and we obtain that F divides (0R/3y)(0F/3x). F cannot divide 6F/dx and, since
F is irreducible, it divides dR/dy. This contradicts our choice of n and we
conclude that n = 0.
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Thus there exists a non-trivial polynomial R(P) which is a multiple
of F. Therefore P can obtain only a finite number of values on the
curve {F =0}, which implies that P is constant on this curve since F is
irreducible.

ProrosiTiON 2.2. (i) The map 1,, when considered as a map from the
multiplicative group K*(x, y) of the field K(x, y) into the additive group of this
field, is a group homomorphism.

(i) If F,, F,EK]x, y] are polynomials without common factors such that
o(FF)EKx, y] or tp(F/F)EK][x,y), then 1:(F)EK[x,y] and 1,(F,)€
K[x, yl.

PROOF.
. Dp(F\F,)  Dp(F\)F; + Dp(F))F)
1po(F Fy) = = = 1p(F)) + 1p(F,),
® p(FLFy) F.F, F.F, p(F)) p(F>)
FDp(F)

Tp(F~')= FDp(F ') = — = — 1p(F).

F2

(i) If 1o(F\F;) = TEK][x, y], then T = Dp(F,F,)/F,F, or, in other words,
TF,F,= Dp(F))F,+ Dp(F,)F,. Thus F, divides Dp(F,)F, which implies that F,
divides Dp(F,) since F; and F, do not have common factors. So D,(F,) = T} F,
and Dp(F,) = (T — T)F,. Therefore 1,(F,) = T,€K]|x, y] and 1,(F,) =T, =
T —T,€K[x,y). Similarly, if 1,(F/F,)=T€K]|x,y], then TF,F,=
Dp(F\)F, — Dp(F,)F; and the rest follows as above.

PrOPOSITION 2.3. 1,(G(P)) = K[x, y] N tp(K*(x, y)).

Proor. We will first prove that 7,(G(P)) C K[x, y]. Since tp1s a homomor-
phism, it will suffice to prove that 7,(F)EK][x, y] if F is a divisor of P — A,
AEK.Solet AF =P — . Then

Dp(F) _ Dp_i(F) _ Dyr(F)
F F F

Tp(F) = = D,(F)EK][x, y].

Now assume that 1,(F)EK][x, y] for some FEK*(x,y). Let F=A/B,
where 4, BE€K[x, y] do not have common factors. Then 1,(4)EK][x, y] and
12(B)EK[x, y] by Proposition 2.2.

Our goal is to prove that F € G(P). It will therefore suffice to prove that
AEG(P) if AEK]x, y], A # const and 7p(4)EK][x, y]. Let I, F be the
decomposition of 4 into the product of primes. It follows from Proposition 2.2
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that 1,(F5)EK][x, y] for i = 1,..., n. But then tp(F;) = 1,(F&)/k; EK][x, y].
It now follows from Lemma 2.1 that F, is a divisor of P — A, for some i, €K.
Thus A €G(P) and 1,(G(P)) D K[X, Y] N 1:(K*(x, ¥)). This concludes the
proof.

Let I'(P) = 1,(G(P)). I'(P) is a subgroup of the additive group of K[x, y].
Since Ker 1, = G(P), we can consider 7, as an isomorphism I'(P) 3 I(P). Let
n: G(P)—I'(P) be the natural projection homomorphism and let I'(P, 1) =
n(G(P, A)). Let I'(P, 1) = to(T'(P, 1)).

Strictly speaking, 7,: G(P)—1(P) and 1,:T(P)—TI(P) are two different
maps, but we use the same notation for both of them since this does not lead to
confusion.

If PEK]x, y] is non-composite, then o(P) is either empty or a finite set
{A1, - - ., A4 }. (6(P) is at most finite, since, by Theorem 1.8, the number of
elements of o(P) cannot exceed p(P) which is finite.)

THEOREM 2.4. Let PEK|[x, y] be non-composite. Then:

@) TP, 1) =0 if and only if A € 6(P).

(ii) IfAEo(P), then (P, 4) is a free Z-module and tk I'(P, 1) = p,(P).
(iii) () =Bheor TP, 4) and 1k I'(P) = p(P).

PrOOF. (i) Assume I'(P, 1) = 0. Then, obviously, G(P, 1) C G,(P). Let F
be a divisor of P — A. Then F € Gy(P) C C(P) and, by Lemma 1.8, Fis a power
of P— A up to a constant multiplier. Therefore P — A is irreducible and
A&o(P).

Now assume that A & g(P). Then P — A is irreducible and G(P, ) is gener-
ated by K* and by powers of P — 4. Hence G(P, A) C Gy(P) and I'(P, 1) = 0.
Therefore I'(P, 1) =0.

(ii) Let A Eo(P) and let P — i = [17% F}* be the decomposition of P — 1
into the product of primes. Set A;; = 1,(F;). K*and F;;’s generate G(P, A)as a
multiplicative group. Therefore A,’s generate ['(P,1) as a Z-module. So
I'(P, A) is a finitely-generated Z-module and, since'it is without torsion, (P, 1)
is a free Z-module. We will now prove that Z!? k;A,; = 0 and that this is the
only relation between A,;’s. Indeed

n(k)
O= TP(P _}.)= Z kliA}.i‘

i=]

Now let {m;}, 1 =i = n(4), be a non-trivial collection of integers such that
= m;A,; = 0. Then
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nd) n@) .
0= rp( In F/{?') and [[ FpeEGy(P)C C(P).
i=1

i=1 i

It follows from Lemma 1.8 that II?¥) F = ¢(P — A)Y for cEK*, NEZ.
Therefore I’} F = ¢ TI"Y) Fi'%. So ¢ = 1 and m, = Nk, for 1 =i = n(A).
Thus the only relation between A,’s is ="4) k,A,; =0 and tkI'(P, 1) =
n) —1=p,(P).

(iii) Let TE€I(P). Then T = 1,(F) for some F € G(P). F can be decomposed
in the following way:

o
F=A®) II 11 Fa,

A€o(P) i=1

where A(P)€ C(P) and F,; is an irreducible divisor of P — 4. Then

n{A
T—tF)= L 3 muby,  where A, = to(Fy).
A€a(P)i=1
It was shown in (ii) that A,’s generate (P, 1) as a Z-module. Therefore
(P) = zﬂ.ea(}’) 1i‘(P , 4).

Now we have to prove that this is a direct sum. Indeed, assume that there
exists a relation Z,¢,p) 7, =0, where T eT'(P, A). Then T, = 1,(F,) for some
F. eGP, ).

The relation 2;¢,p) T; = 0 implies that I, F; € C(P), which implies by
Lemma 1.8 that F; = (P — )". Hence T, = 0. Thus I'(P) =@D,c,» I'(P, 1)
and

kI(P)= ¥ kI(P,2)= I puP)=p(P).

AEa(P) AEa(P)
This concludes the proof.

REMARK. Much more could be said about the structure of I'(P): Let L(P)
denote the K-linear space spanned by I'(P). Then:

(i) dim L(P)=p(P).

(ii) L(P) N Du(K[x,y]) =0.

The only proof of these statements I was able to construct requires use of
analytical methods and will be presented in a separate paper.
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